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Page 20, line 3^ Insert ^ "before ^ on left-hand side of eq^uation 
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L^2 


on ri^t-hand side of eq^uation. 


Page 21, eq_uation (B25) s Ln the first set of "brackets, denominator of 


second expression, change 


to 




In the last set of 


"brackets, insert 5 in the numerator so that the numerator -will 
"be — sin 
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Page 2hj, equation (C5) s In the first line of this equation sin 
should he inserted after the term 2^^1 — cos 4) so that the 
term will he S^^l — cos sin 


Page 2h, equation (C6): In the second term of this eqxiation change 

the plus sign in the numerator to a minus sign so that the numerator 

will he ^ — sin 
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THE BUCKLING OF A COLUMN ON EQUALLY 
SPACED DSFLECTIONAL AND ROTATIONAL SPRINGS 
By Bormrd Budiansky, Paul Said®, aiid Robert; A. Weinberger 

SUMMARY 


A solution is presented for the prohlem of the huckling of a 
columh on eg.ual.ly spaced deflectlonal and rotational springs. Useful 
charts, ■which rela-fce deflectlonal spring stiffness, ro'tational spring 
stiffness, and hucKling load, are gl-Ten for columns having ‘two, three, 
four, and an infinite nimber of spans. 


INTRODUCTION 


A prohlem that arises in -bhe analysis of aircraft structures is 
•the de -termination of the Buckling load of a column which is supported 
at points along its span By o-fcher s-truct-ural memBers . In general, 

•the suppor-ting memBers restrain -the column elastically against Both 
deflection and rotation. It is therefore con'venient to consider that 
the elastic res-traints come from deflectlonal and rotational springs at 
•the points of support. 

By solving -the column differential eq^uatlon, Klemperer and GiBBons 
(reference 1) fo-und -the Buckling load of simply supported columns 
suBdivlded into -two, three, and four spans By eq.ually spaced inter- 
mediate deflectional spring of eq_ual stiffness. Zahorski (reference 2), 
using the same approach, extended these results for columns with 
two and -three spans By also considering intermediate rotational springs 
of eq_ual stiffness. The method of solving the column differential 
eq.uation is mduly laBorio-us, howe-ver, for columns having many spcins 
since each possiBle Buckling configuration must Be considered separately; 
consequently, a solution to the case of an infinite numBer of spans -was 
not oBtalned . 

By using difference equations, Ratzersdorfer (reference 3) and 
Tu (reference ii-) oBtalned an expression for the Buckling load of 
columns -wl-bh any numBer of spans on deflectional springs alone (fig. 1(a)) 
and, in addition, -were aBle to solve for -the case of an infinite numBer 
of spans. In -the present paper, the Rayleigh-Eitz energy method is used 
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extend, the results "by considering^ l±i additioh to deflsctional springs 
intermediate rotational springs of eq.u al stiffness and- end rotational 
spri ng s of ha lf the stiffness of the InteriMdlate springs (fig. 1(b)). 

The special end-support conditions specified for the present problem 
facilitate an exact solution for the case of any number of spans and 
permit the derivation of a limiting expression for the case of an 
infinite number of spans . 


t 


RESULTS ANI> DISCUSSIOH 


The results of this paper are piresented in terms of the following 
three nf>nfl -TTriftTiai onal ’ ■ ' ■ 


PL^ 

El 


buokllng-load paramster 


CL^ 

deflectlonal-s tiff ness parameter 

^ rotational-stiffness parameter 
iiiJL 

where 

P buckling load -- ... li.; _ •: 

L " length between supports — v_ I . 


Cw.“* 


EX column bending stiffness 

C deflectional spring constant, force per unit deflection 

K rotational spring ponstant, torq.ue par unit rotation 

The curves of figures 2 to 5 show .the relationships among these 
parameters for columns of two, three, four, and an infinite number of 
spans. The curves were bbtained from, the exact stability equations 
derived by the Raylel^-Eitz energy n»thod in appendixes B and C. 


The discontinuities of the slopes of the curves in figures 2 to 4 
correspond to sudden changes in the type of buckling pattern j; the 
number of buckles q corresponding to each region between these 
discontinuities is given in these figures. -:The curves for the infinite- 
span column (fig. 5) a^re smooth because the buckling configuration 
varies continuously with changes in deflectional support stiffness. 

The horizontal parts of each curve of figures 2 to 5 correspond to 
■ buckling with no deflection of the supports and with the number of 
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buckles eq,ual to tlie number of spans. (See fig. 6 (a).) The buckling 
load is then Independent of the deflectional spring stiffness . 

For the infinite-span column (fig. 5)^ parts of the curves for 
KL ^ ^ KL 

■gj = 20 and ~ 3 50 are seen to be coincident with the curve for 
KIi 

~ = 00. These parts correspond to buckling iTith tlie column deflection 
iijl 

curve horizontal at the supports (see fig. 6 (b)) so that the buckling 
load is no longer dependent on the rotational spring stiffness. In 
the finite -span columns this independence of rotational spring stiffness 
never occurs but is approximated more and loore as the number of spans 
increases; this approximation , is shown by the increasing proximity of 

KT 

the curves for ^ = 20 , 50, sjcid in figures 2 to 4. A discussion 
of this^ phenomenon is given in appendix C. 

The curves for the infinite case may be used to obtain a close 
approximation, on the conservative side, to the buckling load of a 
coluinn with more than four spans . The error Involved, shown by figure 7 
to be less than 10 percent for the four-span case, decreases as the 
number of spans increases . 


Lan^ey Memorial Aeronautical Laboratory 

tfational Advisory Cammittee for Aeronautics 
Langley Field, Ya. 
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APEEKDIX A 
SYMBOIS 


X 

y 

N 

L 

El 

P 



l/J 


c 

s 

K 

T 

k, m, n, p, r, s 
o 

q 


distance along column (fig. 1 ( 1 *)) 

deflection of column (fig. l(t)) 

deflection of support 

number of spans 

length het'ween supports 

column hending stiffness 

■buckling load 


dimensionless 'buckling -load parameter 
deflectlonal spring constant^ force per unit deflection 
din»nslonless deflectlonal -stiffness parameter 
rotational spring constant, torq.ue per unit rotation 
dimensionless rotational- stiff ness parameter 
integers 

integer defining location of a support = cL 

number of buckles 

Kronscker delta (llf m. = n; Oif m?^n) 
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APPENDIX B 

DERIVATION OP STABILITy CRITERIONS 


Ths foUowlng development of tlie stability crlterlons for a 
colinnn on egiially spaced deflectlonal and rotational supports is based 
on the Rayleigh -Ritz energy method. A Fourier series is chosen to 
represent the deflection curve of the buckled column, and the potential 
enerQT expression is minimized with respect to each of ttie unJmown 
Fourier coefficients. The resulting eq.uations are separated into 
independent sets, each set containing the coefficients corresponding 
to a particular buckling mode . A general expression for ths stability 
criterion for each buckling mode is derived. 


Energy Expressions 

The deflection curve of the buckled column may be represented by 
the Fourier series 


00 



n=l 


sin 


njtx 

HL 


(Bl) 


"When the 
stored in the 


initially straight column buckles, 
column is 


Ihe bonding energy 



h 



ij- 2 


(B 2 ) 


The energy stored in the deflectlonal springs is 



c=l 
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The ends of the colium move toward each other and the work done hy the 
"buckling load is 



djc 


jP. 

HL 




\ 

(B5) 


The "buckling load may be found by minimizing the energy expression 


^ “ ^b + ^d ■^-■'^r “ ^ 

with respect to the a's. Substitution of equations (B2) to (B5) 
Into equation (b 6) gives 
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Minimization 

Minimizing F witli respect to the a's 7 ields 


|E- = 0 



00 N-1 

2H^S ' \ ' mitc . iiitc 

^ ^ "X 2^ *“ Z_, T T 


m=l c=*l 


H 


csO 


auto ly^c 

H 


cos cos 


N 1+6- + 6„ 

Oc He 


Cb8) 


(n » 1,2,3,. . •) 


Consider the summations 


N- 


c=l 


. laitc , nitc 
Sin sin 


and 


z 


COB 


mne 
- IT 


rutc 


cos 


N 1 + 6^ + 6„ 

Oc He 
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Appendix D shows that the amnmatlons have the following values: 



For a given value of n, the condition that will apply for each 
value of m is indicated in the following table where p is a positive 
Integer, r is a positive integer spch that r + p is even, and 
and k2 are Integers (plus or minus) yielding positive m: 


Condition 

n ■ pN 

n ^ pH 

m + n 

m - n 

2 N 

2 N 

Not 

Integer 

Integer 

Integer 

Hot 

integer 

Not 

integer 

Integer 

Not 

Integer 

Integer 

m / rN 
m » rN 
Never 
Never 

1 

m ^ 2 kjH - n 
m / SkgN + n 

Never 

m = 2 ki_N - n 
m ^ 2 kgN + n 

m ^ - n 

m = 2k2N + n 
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The infinite sot of eq^uations (b 8) , vith the use of the Tslues 
of the suDnaations, may he divided, into the foUoving three independent 
infinite sets of eq.uations: 




W 


pjlSm 


CO 

z 

^= 1 , 3,5 


rUa. 


'rlT 


= 0 


(B9) 


(p » • • • ) 





(BIO) 


(p ■ • • •) 



(n m 1^2,3^,* • • ) 

(n ^ pH) 


(Bll) 


vhere = SlCjH - n, m 2 = 2 IC 2 H + n, and the summations are over all 
plus or minus integral values of and that yield positive 

an d m 2 • 

Equations (Bll) may he further subdivided into H ~ 1 independent 
sets. Consider one of equations (Bll) for a particular n equal to q; 
the a's appearing in the eunsoatlons wlH have the suhscripts 


= 2H ~ q, - q, 6H - q, . . . 
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and. 


BI 2 " 2N + q., 4N + q., 6K + q, . . . 


If equations (BU) are now written for n eq.ual to these preceding 
ralues, a's haring the earns subscripts^ and. onlj these a's^ will 
appear in the sunbuitiona. Thus if 


n = q, 2N + q, ifN + q, 6 n + q, . . . 


then 

and. 

If 

then 

n.n«1 


= 2N - ,q, 4N - q, 6 n . - q, . . • 
mg s q, 2N + q, i|-lf + q, 6 n + q, • . * 
n = 2N - q, - q, 6W - q, . . . 


Tz 2N +‘ q, 4N + q, 6N + q^ • • • 
^ - q, ifN - q, 6 IT - q, . . . 


Then^ an infinite independent subset of equations (Bll) is given by 
the following two groups of equations (equatioiis (B12) and (B13)* 




(2aN + q)^ " ^ J ^2sII+q,_‘^ [^2iN+q ' ®'2(k+l)N 

’ lc^®0 




j{2ni ^ — { 

+ — (2bN + q) ^ J (2l£H + l)a2kN+q 

^ k=0 f 


[sClc + 1)N - 


> = 0 


(B12) 


(b “ 0jl;2^..«) 
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[ 2(8 + 1)H - <i] - [ 2(3 + 1)N - ^ 


f®2(B+l)N-q 


¥ [®2(l5:+l)N-q " ^2kH+c^ 


]£=0 


~ [2(s + 1)N - ^ [2(k + 1)N - q] a2(k+i)N-c 


k=0 


+ (2ICH + = 0 


(BI 3 ) 


(s s Of lj2, . • . ) 

All the equations of (BUL) are given "by N - 1 sets obtained, ■by- 
letting q in equations (B12) and (BI 3 ) assume the values 1, 2, . . . N - 


Stahy.ity Criterions 

It has been shown that equations (B8) can be 'broken up into N + 1 
subsets, two of which are given by equations (B9) and (BIO) and the 
remaining N - 1 by equations (Bl2) and (BI 3 ) • Each set contains a's 
appearing in no other set; hence, each set of equations leads to an 
independent stability criterion corresponding to buckling in a particular 
mode. These criterions are derived as follows. 

First consider equations (B9) which involve only the Fourier 
components ajj, * which correspond to buckling of the column 

with nodes at the supports and with a symmetrical buckling configuration 
In each bay. Solving for a_^ and multiplying through by pN gives 
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2NT? 

^ 


(pN)^ ^ 

(PH)'^ -(g)^(pl02 r=^3,5 


rHa 


rN 


(Bllf) 


(p = 3#5; • * • ) 


Sxmmilng over p yields 



(pH)‘ 




00 

y' rNa^I, (BI5) 


Since 



P=l,3,5 


pNa 


pH 


r=l,3,5 


^ 0 


i = 

T 




o o 

P=l,3,5 I> 



(B16) 


which is the desired stability criterion. 

Squatlons (BIO), which contain only the Fotjrier coefficients a^jj^ 

agjj, , . . , yield a criterion for hiickling of the column with 

an antisyimnetrical huc}cllng configitration in each hay and with nodes at 
the supports. This buckling criterion need never be considered because 
it always gives a hi^er buckling *load than does equation (B 16 ) . 

In order to obtain the buckling criterions for the other inodes, 
equations (B12) and (B13) are transposed as follows; 



t 

V • 


^2 (b+ 1 )N-<i 


•where 


e 


2 s]J +4 


S 




1 ktsO *“ 


2lqei+qL ' ®‘2(}c+l)N^ 


] 





- 

|2(k + 1) - |Ja2(ij.+i)jj>q^ 


[ 2 (bh.D 


y~ [^ 2 kNn 

k =>0 


^2Ck+l)H-<i 


.] 


(bit) 


- — 

|_2(b + 1) - fjag(3:,i).a k=o 





H 

to 
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For any value of stomaing equations (BI 7 ) and, equations (BI 8 ) over 0 aoi subtracting 
equations (BI 8 ) from equations (BI 7 ) gives 


00 

y~ [® 2 sF-tq " ®p(s+l)N-qJ 
s=0 







[2(s + 1) - 


(BI9) 


Multiplying ‘eauatlona (B17) By 2a + § and e^uationa (B18) By 2(a + l) - Binning 
over 6, and adding the tvo equations yields 






6l^T *ofi JEL VDVH 



f 


I 


* I 



+ 





2(k+l)N-a| 


oa 


z 

B»«0 






(B20) 


Denoting the left siae of eiuatlon (B19) Hy X and the left aide of eimtlon (B20) hjr T and 
"biio eq^uftt/ions glY©s 




0 


H 

VJl 


(B2l) 
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Equating the fi©te 3 niilnant of the coefflcienta of X and Y to zero yields the If “ 1 stability 
crlterlons corresponding to q » 1,2,3,. . . K - 1 



r , . 

1 



£.S~ 

\ 

+ i — 

(5® * 

2(b + 1) - I 






1 


6T^T USE VDVH 
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IT 


or 



(B24) 


viiere A, B, ani C denote the series of eq_uations (B23) • 
These W - 1 eq^uations, together vith equation (B16) 


1 

T 



P=l#3,5 




(Bl6) 


constitute the complete set of stability criterions. 

The Fotirier expression for the column deflection curve corresponding 
to each of the criterions of equations (B23) contains only the coefficients 


‘'q.^ ®'2W+q’ ®4W+2* ®6w+q» ’ 


and 


>'2W-q' ®'6w-q" * 


Each of the criterions are satisfied by many different buckling loeuis 
for given values of S amd T, the lowest of which will be obtained 
when the coefficient a.^ is dominant. 

Each criterion of equations (B23) for a given q therefore corresponds 
to a buckling configuration of q buckles. Equation (B16), as previously 
indicated, corresponds to buckling with no deflection of the supports 
in N buckles. 


Closed Forms of Stability Criterions 

Each of the series in equation (B2^) may be evaluated and the 
stability criterions esjjressed in closed foirm. Series B and C are 
evaluated first since the results are necessary in the evaluation of 
series A. 



Series B.- Let ^ = t and -r: = d. Tlieji 
W j(J 





■z- 

8=0 




d^ “ (2 b + t )2 d 2 - [2(8 + 1) - 


J 


d2 - la 


CD 


a=l 


^ 


[d^ - (2 b + d^ - (2 b - 'b)^J 


1 ^ L Y~ 

1^2 - -jjS 

8=1 


2s + (d + t) 2s - (d “ t) 2 b + (d - t) 2 b - (d + 1))^ 




2(d + t) . 2(d - -b) 

ka^ - (d + ka^ - (d - "b)^ 



H 

CD 


• * 


I 


I « 
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with the -use of eqmtion (6.^95) for cotangent in reference 5 the 
s uirma tlon is equal to ^ 


d2 - -b2 


+ i| foot * (4 + T>) - 


L 


Jt(d + h) 


+ cot f (d - h) *• 


Tc(d - h) 


L 


ic_ sin ad 

2d cos 1th - cos ltd 


q. 

Sj 00s 4 


Series C.- For series C 


S (F® f)^ 28 -f§ [2(3 “ H 


.1 


^(s+l)-| 


h(d2 - h2) 


QO 


S=1 


(2s + h)(d2 - (2s + h)^ (2s - h) [d^ - (2s - h)^ 


1 


- 1 + A ^ r 1 . i 1 ^ 1 i_ 

h(d2 - h2) d2 Lss + h 2 + (d + "b) 2 gg - - 


t>) 


i- 


, 2s - h 2 2s + (d - h) 


1 1 1 

2 2s - (d + h)J 




00 


gh ^ 1 2(d + h) 2. 2(d - h) 


h(d2 - h2) dr L^s2 - h2 2 + h)^ 2 i^.g2 - (d - h)2j 



TTalng equation (6.495) for ootangant to reference 5 yields after almplifylne the closed 
form 


iL 


sin rfb(l - cos *d) ^^3 ~ l) 


^ (cos jfb - cos «d)(l - cos jct) (oos - cos ^(i - cos 


Series A." For series A 


[ * 

. 1 

D\s+a 

2(0 + 1) - |]\(,^i).aj 


00 

1 ^ 1 ^ 1 

t^(d^ - 1)2) ^ (2s + 1))2 d2 „ (2s + 1))2 (2s - 1>)^ d^ - (2s - t)^ 


J' 


to 

hT 


1 1 
+ ■ ’ "■ + 


l)2(d2 - l>e) d2 L(2S + d2 - ( 2 S + b)2 (2s - d^ - ( 2 s 


— 

1 

?s - b)2^ 


8 


^ 1 ,1V 

. 2 _ . , . _ , 


b^(d^ - 1)2) d^ a=l 

4s2 _ -52 ^y2 > 1,2)2 

s_ 

d^ - (28 + lj)2 d2 _ (2s - b)^ j 
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Using the results of the preceding evaluatloaia and differentiating equation (6.4^) for 

eo o 

Z ku 

^ yields after simplifying 

3=1 ( 4 b 2 - 1 . 2)2 


sL 1 ^ _* 


sin Kd 


i-r + -4: 


, L 
Bln *5 


8d.2 1 - coo ith 2d^ oos ith - cos itd ^ ^ 


gives 


Closed foims .- Substituting these results of the throe series In equations (B23) 


^ L 
sin — 


h: r 1 - COB 


+ ■ . i. j 

4) 4- 


L 

OOS 

V, 


- ““ D 


-;J;Bin 4 - °°° j) 

(Jf {^08 - 008 D{1 - COS 4) 


as the closed-form stability criterlons for buolcling in the modes vhere q » 1,2,. • . N - 1. 
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The series of equation (BI6) may 136 evaluated as follows: 


1 

T 


CO 


Z 




(B26) 


5Vom equation (6.495) for tangent in reference 5, the sunmation is equal 
to tan — ; hence. 


T 



(B27) 


which is the staMllty criterion for buckling in B buckles with nodes 
at the siq>ports. 

Equations (B25) and (B27) constitute the complete set of closed- 
form stability critorions. The correct criterion for any given values 
of S and T is that which ylel^ the lowest buckling load. 
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APPEHDIX C 

STABILITI CRITERIOH FOH H =* » 


Wlien H iDecoines Infinite, q./H can assinn© any vaius "between 0 
and 1. Therefore, it becomes necessary to find the value of q./N that 
makes the buokling-load parameter L/j a in-T-n-TTiTUTn for given values of 
deflectional-stiffnees parameter S and rotational-stiffness parameter T. 
The req_uired condition is 



(Cl) 


However, L/j 


is defined implicitly hy a function (see e(iuations (B25)) 


f(S, T, L/j, q./N) = 0 


(C2) 


where 

0<|<1 


Taking the total derivative of equation (C2) and keeping S ^ and T 
constant gives 




But 



must vanish. 


of l/J is 


Therefore 


a required condition for minimization 


^(f) 


= 0 


(Civ) 
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Expanding eq^uatlons (B25), claaring of fractions, and dividing by 
^ - cos 3 * 11^(008 rtg “ cos yields 


f = 


5 ) 3 ) + 4 )^'hj 

ST [3 alni - 2 (1 - cos sin £ (l 

Kj) (i ‘ "D <3°® 4 - 5 ) 


“ COS 


4) 


« 0 


(C5) 


vhen 


Then, setting 


a(f)/KD 


o< |<1 


eq.iaal to 0 gives 


COS = 


1 + cos' -T 


1 S , I 


sin 

_ 


( 06 ) 


vhen 


0 < f < 1 

N 


Substituting equation (C6) in equation (C5) yields after simplifying 
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25 



(C 7 ) 


whlcli is the stability criterion, for a colnmn vith an infinite number of 
spans when 0 < ^ < 1 * 

When q./N is eq.ual to its limiting value, 1 , equation (C 5 ) yields 


two independent criterioneJ 




T = - 


i 


tan ~ 
2J 






(C8) 


which corresponds to column buckling with no support deflection, and 

L- 




.mi 


i - 2 


^ £) 




EX 


(09) 


which corresponds to column buckling with no support rotation. 
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In order to ottain the curves of figures 5 and 8, equations (C7) 
to (C9) must te carefully used in conjunction with each other. Thus, 


for example, along the curve for 

cl5 


El 


5 in figure 5, equation (CT) 


is used up to — ~ = 58 . 7 * a-t vhich point equation (C8) is satisfied. 

El - GT J (HW KL PL^ 

For greater values of the comhinations of r:r-, and rrr- 

El El jEI 

which satisfy equation (C7) will make q/^ Ijnagi nary Tcos < -1^ 

in equation (C6) . Hence, heyond the limiting value of q/cf 

' EX 

remains equal to 1 and the ‘buckling load remains constant. The dashed- 

CL 

line demarcation curve in figure 5» which gives the limiting valiie of 
is ©"btained "by eliminating "between equations (C7) and (C8) . 

Cl3 

Similarly, in figure 8, along the curve for = 25, fco* exanq>le. 


equation (C?) is used up to ~ * 14.0, at which point equation (C9) 

EX 


El 


is satisfied. For greater values of 


the combination of 


KL - 
:rr, and 
El" 


PL2 

El 


El J 


which satisfy equation (C7) yields imaginary values of q/W. 


KL 


Beyond "the limiting value of tlierefore, the buckling load jTomains 

EX 

at the value given by equation (C9) • The dashed -line demarcation oxirve 

CL^ 

of figure 8 is obtained by eliminating between equations (C7) 

EX 

and (C9) • 

The peculiar shape of the demarcation curve of figure 8 accounts 

for the peculiarities of the behavior of the curves for ~ = 20 
KL KL 

and = 50 In figure 5 . If — is greater than 11.04 (the minimum 

El KL ^ ITT 

value of — on the demarcation curve) a constant ■^-llne will ' 

intersect the demarcation curve in two points. Between these points 
the buckling loads are Independent of the rotational spring stiffness 

and are equal to the buckling loads for ^ = « which accounts for the 
fact that along parte of .their length, the curves in figure 5 for 


— = 20 and 
El 


TTr TCT 

— = 50 coincide with the curve for — = ». 
El El 


It is of interest to note that buckling vhich is Independent 
of the rotational spring stiffness cannot occur when the number of spans 
is finite, but“does occur for the infinite case. For the buckling load 
to be independent of the rotetlonal spring stiffness, the column deflection 
curve must be horizontal at-each support. In the case of finite columns. 
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this condition can obviously not b© fulfilled at the end supports 
so long as the rotational spring stiffness is finite j in the infinite 
column^ however^ there is no end effect and the column, can buckle 
as shown in figure 6(b) . 
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APPEMDH D 


EVAIXTATIOH OF SUMMATIONS ENCODWTERKD IH 
EERIVATIOH OF STABILin CEITERIOEHS 


EvsQ.uatlon of 


. Dutc . mrc 
sin -5^ am -jp 

0=1 

H -1 

In order to evaluate \ am sm first make the substi- 

* H H 

0=1 


tutions 


sin?f 


^DUtC .Bate 

2i 


(Dl) 


and 


sm 


nstc e 




2i 


(D2) 


Then 

H -1 


^ sin sin 
H 


0=1 


lato 

H 


H -1 


Z j Bate . n^tc 

^ ain ^ 


c=0 


0=0 




(D3) 
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Case 1; m n e-ron .- Consider the suinmation of the first term 
on the ri^t-hand side of eq^-uation (D3) 





According to reference 6, page 36 , this snmmation is recognized 
as the sum of the ( ^~-^)th powers of the IT Hth roots of imlty and the 
sum is H or 0 according as — is or is not a multiple of N. 

The summation of the second general term in equation (D3) is also the 


sum of the 


CH-5 


th powers of the IT Nth roots of unity. The summations 


of the last two terms are the sum of the 




th powers of the N Nth 


roots of unity. Hence, the following conclusions may he made; If 
neither m 4- n nor m n is a multiple of 2N^ 


N-1 

^ sin 
c=l 


mac 

N 


sin 


nao 

N 


0 


If hoth m + n and m - n are multiples of 2N, 


N-1 

Z 


0=1 


mao 
sin — 
N 


sin 


nac 

N 


0 


If only m + n is a multiple of 2N, 


N-1 

Z 


c=l 


sin 


mao 

N 


sin 


nao 

N 


N 

2 . 


If only m - n is a multiple of 2N, 


N-1 

E 

C=2 


sin 


mac 

N 


sin 


nac 

N 


1 

2 



Case 2: m -»• n odd^ - Canflider the sunmiatlao 


if (m+n) ^ ^ ^ ^ + . . . + 


I _ ^jtl{m+n) 

f(ttw) 

. 1 - a" 


^j(i(itt+ii) ^ + n.) + 1 Bln rt(m + n) 


since m + n is odd* Hence 


V iS 
Z.® N 


^(m+n) 


1 - ef 


Performing almi.lar oparatlone on the other sunmatlono of eg^mtion (D3) yields 


N-1 

ST . DtJtc . mtc 1 1 , 1 1 1 


'(m-n) 


I 


HAiCUL oar ITo 





since m + n la odd, neither m. + n nor m - n la a multiple of 2U j and the reaulta 
of case ,2 may he included in the first conclusiosa for case 1. 


ETaluation of ooa ooa 


\o 


In the OTaluatlon of the smnnation 


W 


H~1 


Z imtc 

00s Y- 

c«0 


uwc nxc 

00 s COB I 1 I R I R 

S E . VI + Sq^j + 5jjc I 


1 + 'N coa COB ~ COB ni( cos DUt 

2 Z— N N 2 
c**^ 


N-1 

Z 

C =*0 


mno mtc 


coa coa 


r <1 ^ 


(d8) 


make the auhatitutlons 


cos 


mitc e 

T = " 


BWC ^ BOtO 

+ e'^ H 


(D9) 


and 


cos 


.nKo . mto 
nao e ^ t o ^ 
E 2 


(DIO) 


IP 
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Then 



^Oc + 




^ + 0 


if(m-n) 



Case 1: m -*• n even *- Applying the theorem of reference 6 
regso'dlng the sum of powers of the IT Nth roots of imity and noting 

that ^ - ^ =» 0 results in the following conclusions: If 

neither m -k n nor m - n is a multiple of 2N 





= 0 


If both m + n and m - n are multiples of 2N 


N 

/ cos 
c=0 


mate 

N 


cos 


nato ^ ■ 1 

» \1 + S^c + 



= N 


If only m + n 


If only m - n 


is a multiple of 
N 


z 

c=0 


cos 


mate 

N 


cos 


is a multiple of 
N 


marc 

cos -rr- cos 
N 


c=0 


2N 

natc ^ 1 \ _ N 

^ Vi + ®0c + W " 2 

2N 

natc 1 N ^ N 

^ + ®0c + ^c/ ^ 
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Case 2: m + n ‘ odd .- By us© of the same ©TELluation procedure as 

for case 2 of iihe previous series, the sTnrimation on the rl^t-h an d 
side of eq,uation (Cll) is found to h© equal to 1. However, 

^^m+n _ ^ equals -1 when m + n is odd, and hence 

^ mate njtc / 1 x ^ 

> cos — cos — I ; r — 1 = 0 

^ » H + Sgg + 6jf^ 


(Dia) 


This result may "be included in the first conclusion for case 1 since, 
if m + n is odd, neither m + n nor m - n is a multiple of 2H • 
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Figure 1 Column on elastic supports. 
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(b) 


N " 


No support rotation. 




Figure 6 - Limiting buckling configurations. 





